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Introduction
The absolute version of PPP postulates that the price levels in two different countries should converge when measured in the same currency, so as to equalise the purchasing power of the currencies. This implies that the real exchange rate should converge to 1.
A less restrictive version of PPP is the relative PPP hypothesis, which implies that the real exchange rate in the long run should revert to a constant which may be different from 1. The rationale for this version of PPP is the existence of trade barriers, transport costs, and differences in price indices, which can result in some degree of divergence between price levels in different countries.
The empirical validity of the PPP hypothesis can therefore be examined by testing for mean reversion in the real exchange rate. In this paper we propose a new method based on a multivariate fractionally integrated model that has several advantages over standard tests (see Froot and Rogoff, 1995, for their well-known limitations) . In particular, it is more flexible since it allows for fractional degrees of differentiation and not only for the standard I(0) and I(1) cases. Moreover, its multivariate nature enables one to take into account possible cross-sectional dependence that might affect the degree of integration of the individual series (see Caporale and Cerrato, 2006 , for the issues arising in the context of panel approaches in the presence of cross-sectional dependence). Finally, it is a procedure that allows to test the null of PPP in individual series as opposed to the joint null of PPP in all series considered. The paper is organised as follows: Section 2 describes the methodology; Section 3 presents the empirical results, while Section 4 offers some concluding remarks. 
Methodology
A covariance stationary process {x t , t = 0, ±1, …}is defined as I(0) if its spectral density function is positive and bounded at all frequencies. This includes the class of stationary and invertible ARMA processes, which are characterised by an impulse response function decaying exponentially to zero. On the other hand, the unit root or I(1) class of models require first differences to render the series I(0) stationary and in this case shocks have permanent effects. In between, the I(d, 0< d < 1) class of models are meanreverting but display long-memory behaviour. This implies that the impulse responses decay hyperbolically to zero.
A process{x t , t = 0, ±1, …} is said to be I(d) if it can be represented as
(1) where x t = 0, for t ≤ 0 and I(0) u t . Note that the polynomial (1-L) d in (1) can be expressed in terms of its Binomial expansion, such that, for all real d:
and thus:
In this context, d plays a crucial role as an indicator of the degree of dependence of the series: the higher the value of d, the higher the degree of correlation between the observations will be. Processes with d > 0 in (1) display the property of "long memory", and are characterised by autocorrelations decaying hyperbolically and a spectral density function unbounded at the origin. These processes were first analysed in the 1960s by Granger (1966) and Adelman (1965) who pointed out that for most aggregate economic time series the spectral density increases dramatically as the frequency approaches zero.
However, differencing the data frequently leads to over-differencing at the zero frequency. Robinson (1978) and Granger (1980) then showed that the aggregation of heterogeneous processes could be a source of fractional integration. Since then, fractional processes have been widely employed to describe the dynamics of many economic and financial time series (see, e.g. Diebold and Rudebusch, 1989; Sowell, 1992a; Baillie, 1996; Gil-Alana and Robinson, 1997; etc.) 
where t X is a To estimate the process given by (3) and (4) we use the approximate frequency domain maximum likelihood (Whittle) estimator proposed by Boes et al. (1989) . A discussion of the multivariate version of this procedure can be found in Hosoya (1996) . 
Empirical Results
We use data on real exchange rates vis-à-vis the US dollar for four currencies, namely the Canadian dollar, the Japanese yen, the euro and the British pound, obtained from
Datastream. The series are annual and the sample period goes from 1970 to 2011.
[Insert Table 1 about here] Table 1 displays the parameter estimates for the model given by equations (3) and (4) 
Conclusions
This paper uses an innovative multivariate fractional integration approach to test for PPP by examining the behaviour of the real exchange rates vis-à-vis the US dollar of four major currencies (the Canadian dollar, the Japanese yen, the euro, and the British pound). The method used is more flexible than standard tests and takes into account possible cross-dependence. Moreover, unlike other multivariate procedures that only allow to reject/not reject the PPP hypothesis for the whole sample of countries included in the analysis, it sheds light on the stochastic behavior of each individual exchange rate and its consistency (or lack of) with PPP in its different versions.
Using this more advanced method, we find evidence of long memory for the Canadian dollar, the British pound and the euro, but in all four cases the results are consistent with the relative version of PPP, in contrast to the results often obtained with standard testing procedures. 
